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A method is proposed for  construct ing the solutions to the equations of a compress ib le  
boundary layer  at a plate with suddenly changing boundary conditions, when u ~ T and 
P r = l .  

A sudden change in the boundary conditions of a boundary layer  reveals  a region where the funda- 
mental  p remises  of the theory of the laminar  boundary layer  cease to be valid. The charac te r i s t ic  dimen-  
sion of this region is commensurable  with the thickness of the boundary layer  and its effect on the main-  
s t r e a m  is revealed when quantities of s econd-o rde r  smal lness  are taken into account, making it feasible to 
analyze such problems by the methods used in the theory of the boundary layer  for obtaining solutions for 
the contiguous regions, which can then be adjoined according to one or  another principle.  

Here the author uses  the method of outer and inner expansions [1] for construct ing the sought solu- 
tion. It will be assumed that region 2 (Fig. 1) where the boundary conditions differ f rom the original ones 
lies inside region 1. The idea of subdividing the entire boundary layer  into an outer and an inner region, 
with the inner one t reated as a new boundary layer,  was already conceived and used ea r l i e r  in [2-9]. 

In o rder  to apply the method of adjoint asymptotic  expansions, we introduce a pa ramete r  e which as 
a smal l  pa r ame te r  would be used for obtaining the outer and the inner coordinates .  Let 51 be a quantity 
charac te r iz ing  the thickness of the boundary layer  at any sect ion x and let 52 be a quantity charac ter iz ing  
the thickness of region 2. Considering that region 2 begins at a cer ta in  point x .  and then gradually expands 
in the downst ream direct ion until at x - -  r162 it merges  into the entire boundary layer,  we conclude that e = 52 
/51 va r ies  f rom 0 to 1 as x runs f rom x .  to infinity. Such an interval  of a values makes this pa rame te r  
suitable for adjoining the outer and the inner expansions.  

We write the fundamental equations for  the s implest  case,  namely for  ~ ~ T and P r  = 1, 
s ionless  form:  

o x,~ x 
z 

Fig. 1. Schematic d iagram of the 
flow in a boundary layer :  1) outer  
region;  2) inner region. 

in dimen- 

O~ O2T O ~  0 ~  0 3 ~  " 

a~ a~aq a~ an ~ a~ 
a~ a,e a~ a,Q _ a~e + ( k .  ~) M~ { a'~ 1' (1) 
o~ a~an a~ a~ ~ a~ ~,-b-~-~] ' 

where ~, ~ are  Dorodnitsyn var iables  [10], r is the flow func- 

tion for the boundary layer,  Q -- .t' Td~?, and T is the dimension-  
0 

less tempera ture .  

The solution for the outer and the inner region will be r e -  
presented as 

T = ~Ft --- ~51 [F o (n) -q- eF i (n) -k e~F~ (n) q- . .. l, 
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I t t Graphs  of funct ions  (a) gl (1), Pll (2), P~2 (3), (b) go (1), 
g~ (2). 

Q = Q~ = 5~ JR. (n) + eR~ (n) + 8~R~ (n) + . . .  1, (2) 

n = TII6~, 
~" = ~ = 6~e2f'ao (N) + sa~ (N) + ~2G~ (N) + . . .  ], 

Q = Q~ = 8~8 [po (N) + ~P, (N) + dP~ (N) ~ . . . .  l, (3) 

N = ~1182. 

r e s p e c t i v e l y .  In o r d e r  that a so lu t ion  in this f o r m  sa t i s fy  E q s .  (1), it is  n e c e s s a r y  that  the fol lowing cond i -  
t ions  be sa t i s f ied  fo r  61 and 52: 

6'~ = a67~ (1 + b~s + b~s ~ + . . .  ), (4) 

6; = b6~08~(1 § c~e + c2e = + . . .  ). 

H e r e  b~ and e. a r e  c o r r e c t i o n  f a c t o r s  accoun t ing  for  any p e r t u r b a t i o n s  which m a y  o c c u r  as  a r e s u l t  of in -  J J 
t e r a c t i o n  be tween reg ions  1 and 2 behind the point  ~ = 1. With the aid of e x p r e s s i o n s  (4), we obtain the d e -  
r iva t ive  of 8 with r e s p e c t  to ~: 

b 
e' = a6i2e [ e p-~ (1 + Qe-~- c~s~+. . .  ) - - _ _  (1 + b~e + b~e n @ . . .  )] 

E l imina t ing  where  p = - ( 1  + k0). Th i s  r e l a t ion  y ie lds  in t eg ra l  power  exponents  in the e x p r e s s i o n  fo r  C .  
f r o m  (4), we have 

db~ _ b sv l + c ~ s + c ~  ~- t - . . .  

d51 a 1 -~- ble + b2s ~" §  

The  se t  of  f a c t o r s  bj and e- cannot  be d e t e r m i n e d  uniquely,  i n a s m u c h  as  we do not have the suf f ic ient  n u m -  
J 

b e r  of  equat ions .  Cons ide r ing  this,  and a l so  not ing that  521~= 1 > 0, i .e . ,  d52/ddl151(1 ) > 0 and 52 ~ 61 o r  d52 
/db l  ~ 1  a t~  ~ ,  we r e l a t e  f a c t o r s  bj a n d c j  in the s i m p l e s t  m a n n e r : b  = a a n d e j  = b j .  Now p will  be d e -  
t e r m i n e d  a f t e r  the inner  expans ions  (3) have been  i n s e r t e d  into Eqs .  (1), with the stipu-lation that the v i s -  
cous  and the dyna m i c  t e r m s  in the equat ions  fo r  G O and Po be re ta ined .  Th i s  r e q u i r e m e n t  is sa t i s f ied  with 
p = - 2 .  It is e a s y  then to obta in  the e x p r e s s i o n s  

~' = a6~ -2 e, -2 (1 - -  s3)(1 + ble + b2~ ~ + . . . ), 

6 a = 61 (I)(1 - -  ca) 1/3, (5) 

= 67 (1 ) ]" .  

We wr i t e  the equat ions  fo r  both the ou te r  and the inner  region,  a f t e r  expans ions  (2) and (3) have been  in-  
s e r t e d  into the equat ions  of the boundary  l a y e r :  

fo r  the ou t e r  r eg ion  

FoF' ~ - -  FoF ~ = O, 

1 
F o G  - -  PoF  = - -  ( F I  - -  

1 
F,oF, 3 _ FoF3 = _ 3-I [2 ( F f  2 - -  FIF2) -" (F;F'  2 - -  FaF2) + 2b~ (F'oF ~ - -  FoF2) + b, (F; ~ - -  FIF'~) + ~ a  IF~ + aF"F"~ 

F?,I = F R;, 

FoR~ = _ 1 ( F I R ~ _  F~R~ - -  2F~Ro), 
Z 

(6) 

(7) 
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FoR~ = - -  (2F~R" 2 + F~R~ - -  FIR" ~ - -  2F~R~ - -3F3Ro)  + [Ro" + FoR o + (k - -  1) M=F o ], 

f o r  the i nne r  r e g i o n  
Go" = a (G o' - -  2CoCo), 

G'," = a [ 3GoG; - -  2GoG; - -  3CoG 1 + b t (Go' - -  2CoCo) ], 
G'(" = a [4GoG" ~ - -  2G0 G" 2 - -  4GoG~ + 2G~' - -  3GtG ~ + b t (3G'oG ~ - -  2GoGI - -  3GoGt) + b, (G o" - -  2GoG0) ], (8) 

Po" = - -  a2GoPo, 

P;'" = - -  a (2COP ~ - -  CoP ~ + 3GtP o + bt2GoPo), 

P;'" = - -  a [2GoP~ - -  2GoP ~ - -  G;P; + 3G, P; + 46~P" o 

- -  bl (GoP ~ - -  2GoP ~ - -  3GxPo) + b,2GoPo] - -  (k - -  I) M~ G O . (9) 

T h e  l a s t  t e r m s  ins ide  the s q u a r e  b r a c k e t s  in the th i rd  equa t ion  of s y s t e m  (6) and of s y s t e m  (7) a r e  equal  to 
z e r o ,  b e c a u s e  func t ions  F 0 and R 0 a r e  so lu t ions  to the equa t ions  of the bounda ry  l a y e r  at  a s emi in f in i t e  f lat  
p l a t e .  The  s u b s e q u e n t  so lu t ions  Fj and Rj can  be found by s i m p l y  i n t eg ra t i ng  E qs .  (6) and (7), which wil l  
y ie ld :  

F l = k lF  o, 

F2 = 1 (k~F ~ + 2k~Fo) ' 
(10) 

1 (k?F~" + 6k ,~F  0 + 6k3F0), F 3 = 

R1 = k~Ro + s .  

1 (k~Rg -~ 2k2Ro) -~ s~, ~ = ~ .  
(11) 

I 
,~ = ~ (~,%" + 6,hk?; + 6,~,;) + s~. 

T h e  i n t e g r a t i o n  c o n s t a n t s  kj and sj  a r e  d e t e r m i n e d  f r o m  the condi t ion of adjoint  so lu t ions  which,  a c c o r d i n g  
to the ru le  of  adjoint  a s y m p t o t i c  expans ions ,  can  be w r i t t e n  as :  

t+~ 1 
G sfl~ ~ (o) N1+2 -m,  

| _~.  ( l + 2 - - m )  l 
(12) 

PJ]~-~ | -+  (1 + 1 " m )  I (0) N z+'-m �9 
m = 0  

E q u a t i o n s  (8) and (9) a d m i t  the fo l lowing a s y m p t o t i c  f o r m  of funct ions  Gj and Pj  a t  N ~ ~: 

i + 2  j +  1 

= P ,  = d , . . N " ,  ( 1 3 )  
m ~ 0  t a~0  

w h e r e  the coe f f i c i en t s  a i m  and d j m  can  be found f r o m  e x p r e s s i o n s  (12), with the p o s s i b i l i t y  of a s c e r t a i n i n g  
tha t  aj0 = F.j +2(0) and d. 0j = Rj +l(0) .  T h e s e  l a s t  e x p r e s s i o n s  ind ica te  tha t  al l  r u l e s  of adjoint  so lu t ions  have  
b e e n  obeyed  a t  any bj .  

B o u n d a r y  L a y e r  with In jec t ion  or  Suc t ion  in Region 2. The  b o u n d a r y  condi t ion  fo r  funct ion  r at  N 
= 0 will  be  s t i pu la t ed  a s :  

W = 6t#  (A t + sA~ + . , .  ). (14) 

Since it fo l lows  f r o m  (5) that  ~ = 1 + ~3(v 0 + ~v t + . . .  ), hence  the condi t ion  that  the f i r s t  t e r m  in expan -  
s ion  (14) is  p r o p o r t i o n a l  to ~3 c o r r e s p o n d s  to the boundedness  of the n o r m a l  in jec t ion  o r  suc t ion  ve loc i t y  in 
the v i c in i ty  of the point  ~ = 1. When  Aj -- 0, the i nne r  r e g i o n  v a n i s h e s  and the ou te r  r e g i o n  ex tends  to the 
p la te  s u r f a c e .  E x p r e s s i o n  (1:4) ind ica tes  that  the boundary  condi t ions  fo r  the f i r s t  t e r m  in the inne r  e x t e n -  
s ion  of G O a r e  h o m o g e n e o u s  at  N = 0 and tha t  then  

G o = : 2  F~...(0) N ~, (15) 
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Fig.  3. 
cu rve  r e p r e s e n t s  f o rm u l a  (33), dots r e p r e s e n t  
va lues  according  to [11]. 

~0 X-X,e x .  
Veloci ty in the wake along its axis :  solid 

which yields  k i = 0. The solution to the second equa-  
t ion in (8) will be wri t ten  as 

Gi = Gv~ ~ C~Gli, (16) 

where  Gt0 = - l / 3 b a 3 F g ( 0 ) A i  N3 + A i and Gll is d e t e r -  
mined f r o m  the following boundary conditions: Gn(0 ) 
= G~(0) = 0 and Gl'l(0 ) = 1. With the subst i tut ion Gli 

[1/2.aFo(0 ) ]-2/3gll{il/2.aF~(O ) It/3N} we obtain for  

gil : 

gi'( + 2tZg;,- 6re;, -k- 6g ,~  = O, 

g~ (o) = g;~ (o) = o . ,  

1/3 
t = [2 (0) N, 

[ 2  
(17) 

g~, (0)= I. 

Equation (17) was in tegra ted  numer i ca l ly  and 
its solution is shown in Fig. 2a. He re  C i and k 2 
have been de te rmined  f r o m  the boundary conditions 
at infinity: 

C i = 5.074 aFo (0) A,, k2 = 0.329A v 

In o rde r  to obtain a solution for  Q2, we e x p r e s s  the boundary condition for  this function at N = 0 as 

Q~ = B o +-eB 1 + e2B2, 

and the solution in the f i r s t  approx imat ion  will be 

N N  N 

Po =BoN + Po (0).[ .I exp [-- 2a .i G~ dNdN. (18) 
0 0 0 

It is evident f r o m  (18) that, if  Pg(0)~ 0, i .e. ,  if a t e m p e r a t u r e  jump occurs  at the point ~ = 1, then the 
magnitude of the t h e r m a l  flux in the vic ini ty  becomes  infinite. We next cons ider  the case  where  P~(0) 
= 0. The solut ion to the heat  p rob l em  of the boundary l aye r  at a semiinf in i te  plate will be wr i t ten  for  two 
cases ,  namely  a t h e r m a l l y  insulated plate  and an i so the rma l  plate  [10]: 

2 2 (19) 
T o w (  T0~ k - - 1  ) k - - 1  ,~ So= - +  1 ~ M~ F'o M~,F o , 
T| T= 2 2 

with ToW denoting the plate  t e m p e r a t u r e  and the subsc r ip t  ~ r e f e r r i n g  to p a r a m e t e r s  of an inviseid fluid. 
Using these re la t ions ,  one can obtain soiut ions for  these two cases ,  name ly  for  a plate  e i ther  t h e r m a l l y  
insulated or  i so the rma l  up to the point ~ = 1. 

Init ial  P la te  Segment  T h e r m a l l y ' I n s u l a t e d .  The solution to the f i r s t  equation in (9) is adjoined with 
the f i r s t  exp res s ion  in (19) to become 

Po=(  1 + .k--12 M@N. (20) 

The second t e r m  of the second expansion (3) can be e x p r e s s e d  as 

Pl = Pio + CiPn + DiPn, 

where Pl0 = N2, 
sions 

( 2 1 )  

Plj = [aF~(0)]-l/3plj{[aF~(0 )]1/3N} ' j = 1, 2. Funct ions Plj a re  de te rmined  f r o m  the e x p r e s -  

p;)" = % . -  t,p; r 
P n ( 0 ) = 0 ,  P~I(O)== 1, P; I (O)=O;  

px= (0) = O, ~0~2 (0) = 1, p~'2 (0) = 1 
(22) 
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and are  shown in Fig. 2a. Constants C 1 and D 1 can be eas i ly  de termined f rom the boundary conditions at 
N = 0 and N --" ~. 

Initial Plate  Segment Iso thermal .  The solutions to the binomial will be wri t ten  for  the case  where 
the t e mpe ra tu r e  of the init ial  plate segment  is ToW: 

P0 = T0____y__w N, (23) 
T| 

Pl  = Plo + CIPxl -k DIPI~, (24) 

where  Plo = 1/2"F~(0) ( 1 -Tow/Too  + k - 1 / 2 . M ~ N  2, 1~ , and P12 are  formal ly  s imi l a r  to the a l ready found 
express ions  in (6). Constants C 1 and D 1 can also be eas i ly  found f rom specif ic  boundary conditions. 

With the aid of these re la t ions  we now de te rmine  

�9 w = p=~_~U [0.332 + el.367a '/2 All (25) 
�9 V X 

for  a plate with a the rmal ly  insulated initial segment:  

T t v = T ~ [ ( l +  k--------~l M ~ ) + e B ~  ] ,  

2 (26) 

V U|174 ~..~T| 
q~ = ~ x  

and for  a plate with an i so the rmal  initial segment  

T~, =Tovr q- sT| 

q~" = ~ : x  - r---2- + ~ ' 

where  the value of e obtained f rom the f i r s t  equation in (5) with bj = 0 will be 

(x~/~ - x~2),/a 
e = xl/2 (28) 

Wake behind a Pla te .  In o rde r  to obtain solutions for  the wake region behind a plate, it is convenient 
to make the following substi tut ions:  

Gj = (2a) -1/~ gi [(2a) '12 N], Pj = (2a) -l/~ pj [(2a) 1/2 N]. (29) 

Omitting all  in te rmedia te  calculations,  we show h e re  the final resul t s  and the values of the essent ia l  
p a r a m e t e r s :  

klF o(0)=0.3737, k s = 0 ,  k a = 0 ,  gl---0, g~=:0. (30) 

Solutions go and g3 a re  shown in Fig. 2b. While finding the solutions for  pj, we will also consider  two dif-  
fe ren t  flow modes at the plate .  

The rma l ly  Insulated Pla te .  The solutions for  this case  a re  s imple:  

I so thermal  P la te .  

p 0 = (  1_ ~ __k--12 M ~ ) t ,  p l = 0 ,  

t (31) 

p~ = -- (k-- I)M~ go dt, Ps=O. 
0 

The solutions for  this case  are  found by d i rec t  integrat ion of the equations for pj: 

= r - Z -  . . . .  - r--i- 

t (32) 
Pe =---21 (k--1)M~| ~ go 2dr, Ps=O. 

0 
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We now determine the velocity in the wake region along the x-axis: 

u = U| [e0.675 + e40.053I 

and the temperature for both cases: 

for a thermally insulated plate 

(33) 

T=T~ [( l -+-k-- I  
2 

for an isothermal plate 

[ Tow ( To~ § 
T = T ~  L T| § l --  T---~- 

The dimensionless velocity in the wake along the x-axis, 
in Fig. 3. 

M~)--e~0.457 k - - I  hi%] , ( a 4 )  

(35) 
2 _ j 

as calculated according to formula (33), is shown 

t~ is the dynamic viscosity; 
T is the temperature; 
Pr  is the Prandtl number; 

is the flow function; 
Ma is the Mach number for outer stream; 
u is the velocity; 
p is the density; 
;~ is the thermal conductivity; 
k is the adiabatic exponent. 
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